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Propagation and interference of quantum-mechanical particles comprise an important part of el-
ementary processes in quantum physics, and their essence can be modeled using a quantum walk, a
mathematical concept that describes the motion of a quantum-mechanical particle among discretized
spatial regions. Here we report the observation of the quantum walks of a phonon, a vibrational
quantum, in a trapped-ion crystal. By employing the capability of preparing and observing a local-
ized wave packet of a phonon, the propagation of a single radial local phonon in a four-ion linear
crystal is observed with single-site resolution. The results show an agreement with numerical calcu-
lations, indicating the predictability and reproducibility of the phonon system. These characteristics
may contribute advantageously in advanced experimental studies of quantum walks with large num-
bers of nodes, as well as realization of boson sampling and quantum simulation using phonons as
computational resources.
I. INTRODUCTION
Propagation of quantum-mechanical particles in me-
dia is essential to various fields including quantum op-
tics, condensed-matter physics and quantum information
science. Recent experimental progress has enabled ob-
serving the propagation of individual quanta, and this
is discussed in the context of quantum walks (QWs)
[1, 2]. QWs can be extended to multiple walkers [3], and
are used to model universal computation [4, 5]. So far
photons have been a major platform for realizing QWs
[3, 6, 7]. There have been also realizations with neutral
atoms [8] and trapped ions [9, 10]. More recently, QWs
of one and two correlated microwave photons have been
demonstrated with a superconducting system [11].
Local phonons (quanta of local vibrational motions)
in the trapped ions [12] show particle-like characteristics
and undergo interference via beamsplitter-like coupling
due to inter-ion Coulomb interactions [12–16], thereby
acting in a similar way to photons. Phonons in trapped
ions has the merit of being generated and detected in
deterministic ways. Optical manipulation of phonons and
incorporating interaction among them are possible [17–
21]. These characteristics can be utilized in realization
of QWs as well as boson sampling [22] and the Jaynes-
Cummings-Hubbard model [18, 19].
Propagation of local phonons so far has been observed
with axial motions of two ions in double-well potentials
or radial motions of a two-ion linear crystal [13–15], and
in a three-ion linear crystal where blockade of hopping
using site-dependent AC Stark shifts is realized [17]. In
[23, 24], energy transport is studied with radial motional
modes in chains of up to 42 trapped ions which are cooled
to thermal states using Doppler cooling.
In this article, we present results on the propagation of
a local phonon among four sites of an ion crystal. The ra-
dial motion of the ion crystal is cooled to near the ground
state, and one phonon is prepared at a desired site with
an individual optical access, whose propagation over the
ion crystal is traced by a site-resolved observation. The
phonon freely propagate among the four ion sites, show-
ing the high-contrast patterns of complex wave-packet
interference for up to 10 ms, which corresponds to ∼60
times the maximum adjacent-hopping time (the maxi-
mum time required for a phonon to move between adja-
cent two sites). The interference patterns are compared
with numerically calculated results, showing agreements
in detail. The experimental results are also analyzed in
the frequency domain, showing agreements with theoret-
ical predictions based on radial collective-mode analyses.
The phonon propagation observed here, which is inter-
preted as a continuous-time QW [25] of a local-phonon
wave packet, can be extended in a straightforward man-
ner to larger numbers of ion sites, and hence the inves-
tigation of continuous-time QWs in larger systems may
become possible. Extension with regard to the number
of phonons is also possible, allowing the realization of
boson sampling for the demonstration of quantum com-
puting power that may overwhelm the state-of-the-art
classical computing [22, 26].
II. RESULTS
A. QWs of a phonon
Figure 1 shows the concepts, configurations and con-
ditions for the experiment on the QWs of a phonon. Fig-
ure 1(a) shows the conceptual diagram for the QWs of
a phonon in a linear crystal of four ions (numbered as
1-4). First a phonon (radial local phonon oscillating in
the y direction) is prepared in the ion 2. Due to the
inter-mode coupling arising from the Coulomb interac-
tion between ions, the phonon split into two wave pack-
ets and propagates to either the ion 1 or 3. Since the ion
1 is at the edge of the crystal, the phonon wave packet
ar
X
iv
:1
90
9.
01
51
1v
1 
 [q
ua
nt-
ph
]  
4 S
ep
 20
19
2that has proceeded there gets reflected and propagates
back to the ion 2, where it interferes with another wave
packet coming from the ion 3. In this way a complex
pattern of propagation and interference is formed. A nu-
merically calculated result showing a similar behavior is
given in Fig. 1(b). Conditions similar to what is used in
the experiment are assumed in this calculation. The ions
are illuminated with four independent beams [Fig. 1(c)],
and fluorescence from all ions is imaged onto an elec-
tron multiplying charge-coupled device [Fig. 1(d)]. Fig-
ure 1(e) shows the ion string used, where the distances
between adjacent pairs of ions are described. Figure 1(f)
shows the graph structure when the phonon propagation
is viewed as a continuous-time QW. The values are the
hopping rates corresponding to each edges in units of
κ0 (hopping rates between central two ions). The corre-
sponding Hamiltonian off-diagonal elements (see Materi-
als and Methods) are plotted in Fig. 1(g).
B. Results in the time domain
Figure 2(a) (2(c)) shows the experimental result for
the phonon propagation with the initial phonon popu-
lation at the ion 2 (4). The phonon prepared at the
ion 2 (4) splits and propagates among the four ion sites.
Figure 2(b) (2(d)) shows the numerical result with the
initial phonon population at the ion 2 (4) calculated us-
ing the Hamiltonian of Eq. 2 in Materials and Methods.
For obtaining these calculated results, the following four
parameters are adjusted so as to minimize the residual
sum of squares: the horizontal time scale (determined
by κ0 ∝ ω2z/ωy where ωz and ωy are the oscillation fre-
quencies for the axial z and radial y directions, respec-
tively), the horizontal offset (due to the fact that hop-
ping may occur during the preparation time), the pop-
ulation scale factors (explained below), and the heating
rate (∼5 quanta per second). The population scale fac-
tors are the overall proportionality factors multiplied to
the calculated results. We need to adjust those factors
because of the reduction of preparation and observation
efficiency due to the decoherence in applying the red-
sideband pi pulses. Their explicit values are 0.66 and
0.76 for the initial phonon population at the ion 2 and
4, respectively. Each calculated result shows an agree-
ment with the corresponding experimental result up to
the propagation time of 10 ms.
Figure 3 shows the experimental and numerically cal-
culated results in the time domain (the same results
as shown in Fig. 2) displayed using two-dimensional
plots. Figure 3(a) (3(b)) shows the result with the initial
phonon population at the ion 2 (4). Each of the four rows
represent the time dependence of the local-phonon exis-
tence probability at each ion site, from the ion 1 (top)
to 4 (bottom). The points represent the experimental
data points, and the curves represent the numerically
calculated results (obtained by adjusting the parameters
to minimize the residual sum of squares, as described
above).
C. Results in the frequency domain
Since the local phonon can be interpreted as a superpo-
sition of collective-mode phonons, the behavior of phonon
propagation in the time domain can be understood as a
wave interference among different collective modes. From
this view point, it is expected that the Fourier trans-
forms of the time-domain results give information about
the collective modes involved, thereby enabling the anal-
yses of the phonon propagation in the frequency domain.
Below we describe the formalism useful for such analyses.
By diagonalizing the potential and Coulomb-energy
parts of the radial-motion Hamiltonian with the har-
monic approximation, eigenvalues ωp and real-valued
eigenvectors b
(p)
n can be obtained [27], where p and n
are the indices for the radial collective modes and ions,
respectively. The Heisenberg-picture local-phonon an-
nihilation operator at the ion n can be represented as
follows using b
(p)
n and the collective-mode annihilation
operator cˆp: aˆn(t) =
∑
p b
(p)
n cˆpe
−iωpt. The initial state
with one phonon at the ion n is |Φn〉 = aˆ†n(0) |Φ0〉 =
(
∑
p b
(p)
n cˆ†p) |Φ0〉, where |Φ0〉 = |0, 0, · · · , 0〉 is the ground
state of the collective-mode Fock states. Using these, the
probability for one phonon (prepared at time 0 and the
ion n) observed at time t and ion m is obtained as follows:
Pnm ≡ 〈Φn|aˆ†m(t)aˆm(t)|Φn〉
=
∑
p,q
b(q)n b
(q)
m e
iωqte−iωptb(p)m b
(p)
n
=
∑
p
(
b(p)n b
(p)
m
)2
+
∑
q>p
b(q)n b
(q)
m b
(p)
m b
(p)
n
[
ei(ωq−ωp)t + c.c.
]
Therefore, the amplitude of the positive and negative
frequency component oscillating at ωq − ωp and −(ωq −
ωp), respectively, is equal to b
(q)
n b
(q)
m b
(p)
m b
(p)
n (q > p and
ωq > ωp for q > p assumed).
In Fig. 4, the Fourier transforms of populations at the
ion sites are shown. The solid blue curves are the dis-
crete Fourier transforms of the experimental results, and
the green dashed curves are those of the calculated re-
sults. The light-red vertical bars are the analytically ob-
tained results b
(q)
n b
(q)
m b
(p)
m b
(p)
n multiplied with appropriate
proportionality factors for comparison with the discrete
Fourier transforms. The vertical gray dashed lines repre-
sents the difference of frequencies (ωq−ωp) for each pairs
of radial collective modes. It is understood from the plot
that the three results match well with each other.
III. DISCUSSION
In conclusion, we have experimentally shown that a
phonon in trapped ions undergoes propagation and in-
terference that can be interpreted as a quantum walk.
3We have observed propagation dynamics for up to 10
ms, and the results has been compared with numeri-
cally calculated ones, showing agreements. It can be
expected that the system of phonons offers a platform
for realizing quantum walks in larger scales and non-
universal quantum-computationa schemes including bo-
son sampling.
The current experiment is performed with single
phonon, while it has been pointed out that single particle
(discrete) QWs are shown to be implementable with clas-
sical devices [2, 28–30]. The genuine quantum mechani-
cal properties can be investigated with the use of multiple
walkers. Extension to multiple phonons is also possible
in the system of phonons in trapped ions. Preparation of
multiple phonons in desired sites in a deterministic way
is possible with standard techniques using sequences in-
volving carrier and sideband transitions and site-resolved
optical manipulation. The detection of multiple phonons
(projection measurements) is also possible in principle,
and has been performed with a single ion [31].
The efficiency of the initial-state preparation and final-
state measurement in our system is limited due to the
infidelity in red-sideband pi pulses (∼0.7-0.8 when com-
bined). Since the present experiment is performed us-
ing a relatively weak axial confinement and tight focuses,
the residual thermal fluctuation along the axial direction
(∼0.5 µm rms) is nonnegligible compared with the size
of the focuses (∼3 µm). Other possible factors of the
decoherence might be the combinations of beam jitter,
deteriorated spatial modes at the focus and AC Stark
shifts [32].
Although heating is observed in the time span of up
to 10 ms, the decoherence of phonon dynamics is not
prominent in this time scale. Previously decay time of 13
ms, corresponding to ∼30 round trips in the case of two
ions has been observed [16], and this decay time seems to
be dependent on certain experimental conditions, which
include the radial/axial confinements, and the residual
thermal motion along the axial direction, which is cooled
only with Doppler cooling.
IV. MATERIALS AND METHODS
A. Phonon propagation as QWs
Propagation of a local phonon can be viewed as a QW.
A QW is defined as a temporally homogeneous evolution
of a quantum system defined on a graph comprising of
vertices and edges. Two different formulations of QWs
exist, namely in discrete time [1] and continuous time
[25]. It can be shown that local phonon propagation in
trapped ions is equivalent to a continuous-time QW.
Continuous-time QWs are formulated using a genera-
tor matrix Mnm (γ is the jump rate and kn is the num-
ber of edges that are connected to vertex n): Mnm =
−γnm (n 6= m,n and m connected by an edge); 0 (n 6=
m,n and m not connected);
∑
l 6=n γnl (n = m). The
Hamiltonian Hˆ with matrix elements given by
〈n|Hˆ|m〉 = Mnm (h¯ = 1) generates an evolution de-
scribed with the Schro¨dinger equation and the unitary
evolution operator U = exp(−iHˆt), which is interpreted
as a QW in continuous time.
The Hamiltonian for a radial direction (denoted as the
y direction) in a linear ion crystal is described as follows
[12]:
Hˆy =
N∑
n=1
(ωy +ωy,n)aˆ
†
i aˆn−
N∑
m>n
tnm(aˆ
†
naˆm+ aˆnaˆ
†
m). (1)
Here tnm = −e2/8pi0mωy|z0n − z0m|3 is the hopping am-
plitudes and ωy,n =
∑N
m 6=n tnm is the harmonic correc-
tion terms for radial oscillation frequencies. If the ro-
tating frame oscillating at ωy is adopted and the case of
only one phonon is considered (aˆ†naˆm → |n〉 〈m|), Hˆy =∑N
n (
∑
m 6=n tnm) |n〉 〈n| −
∑
m 6=n tnm |n〉 〈m|. By setting
γnm ≡ −tnm, this corresponds exactly to continuous-
time QWs explained above.
B. Experimental conditions
The experiment is performed with four 40Ca+ ions
(named as the ion 1-4) trapped in a three-dimensional lin-
ear Paul trap. The oscillation frequencies for the three
directions (x, y, z) are (ωx, ωy, ωz)/2pi ∼ (3.1, 2.9, 0.09)
MHz, respectively. The distance of the central two ions
(d0) is ∼ 20 µm. One of the radial directions referred to
as y is mainly used for the observation of phonon prop-
agation. The radial-phonon hopping rate between the
central two ions defined as κ0/2pi = (e
2/4pi0mωyd
3
0)/2pi
is 3.7 - 3.9 kHz. The heating rate for y estimated from the
propagation results is ∼5 quanta per second. Due to this
heating, we limit the total measurement times up to 10
ms to make sure that only a single quantum of phonons
exist in the system. The excess phonon population due
to heating can be suppressed to below 5 % in this case.
In the condition given above, the explicit values for the
Hamiltonian matrix elements are obtained as follows.
κ0
2
 −0.93 0.79 0.11 0.030.79 −1.90 1.00 0.110.11 1.00 −1.90 0.79
0.03 0.11 0.79 −0.93
 (2)
The smallest matrix elements among the adjacent cou-
plings in this Hamiltonian is 0.79×κ0/2. This determines
the maximum adjacent-hopping time, that is, the maxi-
mum time required for a phonon to hop to an adjacent
site, which is obtained to be (0.79 × κ0/2pi)−1/2 ∼ 160
µs. By using this, we can conclude that the total obser-
vation time used in this work (10 ms) corresponds to ∼60
times the maximum adjacent-hopping time.
The S1/2(mJ = −1/2)–D5/2(mJ = −1/2) transition
at 729 nm is used as the main transition for optical ma-
nipulation and observation of phonons. Each of four
4beams at 729 nm is focused onto each ion with the 1/e2
radius of ∼3 µm. The power for each beam is adjusted
so that the Rabi frequency for every ion become equal to
each other, which amounts to ∼400 kHz for the carrier
transition and ∼16 kHz for the blue-sideband transition.
This equal illumination is important for assuring equal
efficiencies of preparation and mapping (explained in the
next subsection) for all ions. Each of the four beams can
be switched by using a dedicated acousto-optic modula-
tor.
C. Time sequence
First the ion crystal is Doppler cooled in all directions,
and the radial two directions (x and y) are cooled with
sideband cooling to {n¯x, n¯y} ∼ {0.1, 0.03}.
Then a blue-sideband and carrier pi pulses (∼31 µs and
∼1.3 µs, respectively) are applied to a selected ion, which
produce one radial local phonon. This is followed by a
free evolution period with variable length, in which the
generated phonon hops among the ion sites. After this, a
mapping pulse (red-sideband pi pulse, ∼31 µs) is applied,
which is followed by an internal state measurement us-
ing a 397-nm laser (resonant to the S1/2–P1/2 transition),
whereby the two internal states S1/2 and D5/2 are dis-
criminated.
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6FIG. 2. Results for phonon propagation in the time domain. The experimental and numerically calculated results for
the time dependence of the local-phonon existence probability after one phonon is prepared at a particular site are displayed
as brightness. (a) [(c)] Experimental result with the initial phonon population at the ion 2 [4]. Each of the four rows represent
the time dependence of the local-phonon existence probability at each ion site, from the ion 1 (top) to 4 (bottom). The width
of each time step is 12.5 µs, and the number of measurements per step is 50. (b) [(d)] Numerically calculated result with
the initial phonon population at the ion 2 [4]. The area surrounded by the thin-red dashed rectangular at the left end in (b)
corresponds to that displayed in Fig. 1(b).
7FIG. 3. Two-dimensional plots of the results for phonon propagation in the time domain. The same experimental
and numerically calculated results as shown in Fig. 2) are displayed using two-dimensional plots. (a) [(b)] Result with the
initial phonon population at the ion 2 [4]. Each of the four rows represent the time dependence of the local-phonon existence
probability at each ion site, from the ion 1 (top) to 4 (bottom). The points represent the experimental data points, and the
curves represent the numerically calculated results. For the experimental data points, the width of each time step is 12.5 µs,
and the number of measurements per step is 50.
8FIG. 4. Results for phonon propagation in the frequency domain. (a) [(b)] Result with the initial phonon population
at the ion 2 [4]. The Fourier transform of the local-phonon existence probability is plotted. The blue solid (green dashed) curves
represent the experimental (numerically calculated) results. The light-red vertical bars represent analytically obtained results
corresponding to b
(q)
n b
(q)
m b
(p)
m b
(p)
n (see text). The vertical gray dashed lines represents the difference of frequencies (ωq − ωp) for
each pairs of radial collective modes. The texts at the top represents the pairs of indices (p, q) for the relevant collective-mode
pairs, where the indices 1-4 are taken in the order of increasing oscillation frequencies. The texts in the second row from the
top represents the difference of frequencies (ωq − ωp) in the unit of kHz.
